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Abstract. In this paper we continue the study of representation theory of for- 
mal distribution Lie superalgebras initiated in [^j . We study finite Verma-type 
conformal modules over the N = 2, N = 3 and the two N = 4 superconformal 
algebras and also find explicitly all singular vectors in these modules. From 
our analysis of these modules we obtain a complete list of finite irreducible 
conformal modules over the N — 2, N = 3 and the two N = 4 superconformal 
algebras. 
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1. Introduction 

Superconformal algebras have been playing an important role in the study of 
string theory and conformal field theory, which have been the subject of intensive 
study since the seminal paper f2[. Superconformal algebras may be viewed as 
natural super-extensions of the Virasoro algebra and their roots in physics liter- 
ature can be traced at least back to as early as the 70's [0. A mathematically 
rigorous definition of a superconformal algebra is as follows. It is a simple Lie 
superalgebra g over the complex numbers C spanned by the modes of a finite 
family J of mutually local fields satisfying the following two axioms 0: 

1. $ contains the Virasoro field, 

2. the coefficients of the operator product expansions of members from are 
linear combinations of members from $ and their derivatives. 

A Lie superalgebra g satisfying the second axiom only is referred to as a formal 
distribution Lie superalgebra in 

In order to facilitate the study of formal distribution Lie superalgebras the 
notion of a conformal superalgebra was introduced in (see Section §). It proves 
to be an effective tool for this purpose. 
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A natural class of representations of formal distribution Lie superalgebras to 
study is the class of conformal modules [|J. A conformal module is a pair con- 
sisting of a g-module V and a family £ of fields whose modes span V such that 
members from J and £ are mutually local. Just as the study of formal distri- 
bution Lie superalgebras reduces to the study of conformal superalgebras, the 
study of conformal modules is essentially reduced to the study of modules over 
the corresponding conformal superalgebras. 

The study of modules over the conformal superalgebra can further be reduced 
to the study of modules over the extended annihilation subalgebra, which is a 
semidirect sum of the subalgebra of positive modes of the corresponding formal 
distribution Lie superalgebra and a one- dimensional derivation. It is in this lan- 
guage that the problem of classifying finite irreducible conformal modules over 
the Virasoro, N — 1 (Neveu-Schwarz) and the current superalgebra was solved 
in!. 

The problem of classifying conformal modules over other super conformal alge- 
bras, which is the main theme of the present paper, turns out to be more subtle. 
The main purpose here is to give a classification of finite irreducible conformal 
modules over the N = 2, N = 3 and the two N = 4 superconformal algebras. 

We first construct finite Verma-type conformal modules for a general super- 
conformal algebra and prove that every finite irreducible conformal module is a 
homomorphic image of such a module. As a consequence we obtain a bijection 
between finite irreducible conformal modules of a superconformal algebra and 
finite-dimensional irreducible modules of a certain finite-dimensional reductive 
Lie (super) algebra (Corollary |3.1|). 

We then study these Verma-type modules in detail for the four members of 
the family of superconformal algebras mentioned above. It turns out that, unlike 
for the Virasoro and the N — 1 (Neveu-Schwarz) superconformal algebras, the 
Verma-type modules for these superconformal algebras are in general reducible, 
and thus we need to analyze their submodules. This is accomplished by finding 
explicit formulas for all singular vectors inside such a module and then show that 
the submodule generated by these singular vectors is maximal (in all but two 
cases). We also find an explicit basis for this maximal submodule, which then 
enables us to give a quite explicit description of all finite irreducible conformal 
modules over these superconformal algebras. 

This paper is organized as follows. In Section |2| basic facts of formal dis- 
tribution Lie superalgebras, conformal superalgebras and extended annihilation 
subalgebras are recalled. Section |3| is devoted to the study of a class of modules 
over a certain class of Lie superalgebras that include the annihilation subalgebra 
of every superconformal algebra. This class of modules gives rise to finite Verma- 
type conformal modules of superconformal algebras. The results of Section |3| are 
then used in Section f|, Section ||, Section |6] and Section 0, where finite irreducible 
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conformal modules over the N = 2, iV = 3, the "small" N = 4 and the "big" 
N = 4 superconformal algebra, respectively, are classified. 

In this paper all vector spaces, (super) algebras and tensor products are over 
taken over the complex numbers C. 

2. Preliminaries 

In this section we review some of the basic facts on formal distribution Lie 
(super) algebras and conformal modules that will be used later on. The material 
here is taken from H, and M, and the reader is referred to these articles for 
more details. 

2.1. Formal Distribution Lie Superalgebras. Recall that a formal distribu- 
tion or a field with coefficients in a Lie superalgebra g = gg + gi is a formal series 
of the form: 

where a|„] G g and z is an indeterminate. 

Two formal distributions a(z) and b(z) with coefficients in g are said to be 
mutually local if there exists iV G Z + such that 

(2.1) (z-wf[a(z),b(w)} = 0. 

Let S(z — w) = z~ l Y2nez(w^ n ^ e ^ ne f° rma l delta function. Then ( |2.1|) may 
be written as 

JV-l 

(2.2) [a(z),b(w)} = Y,H)b)(w)d^5(z-w), 

3=0 

(here d$ stands for for some uniquely determined formal distributions 

(a(j)b)(w), and thus defines a C-bilinear product -^y for each j G Z + on the space 
of all formal distributions with coefficients in g. Also d z a(z) = ^2 n {9a)[ n ] z ^ n ^ 1 > 
where (da) [ n ] = — na[ n _i], and hence the space of all formal distributions is also 
a (left) C[<9 2 ]-module. 

A Lie superalgebra g is called a formal distribution Lie superalgebra, if there 
exists a family ^ of mutually local formal distributions whose coefficients span g. 
We will write (g, #) for such a Lie superalgebra. 

Given a formal distribution Lie superalgebra (fj, 5), we may include # in the 
minimal family J of mutally local distributions which is closed under d z and all 
products -Q)-. Then $ is a conformal superalgebra, i.e. it is a left Z 2 -graded C[d]- 
module R with a C-bilinear product a< n )b for each n G Z + such that the following 
axioms hold (a, b, c G R;m,n G Z + and <9^ = 4j<9 J ) (cf. @, 0): 

(CO) 0(„)6 = 0, for n » 0, 
(CI) (da)(n)b = -no( n _i)6, 
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(C2) aw^H^a^fiW^a), 

(C3) a {m) (b (n) c) = E"o (™)(a^)Kn-i)C + (-l) p(fl W 6 't(n)(flHc). 

It is convenient to write the products of a, b G R in the generating series form 

00 A n 
z — ' n! 

n=0 

where A is a formal indeterminate. Such an expression lies in i?[A]. 

Conversely, if a conformal superalgebra R = ® ieJ C[<9]cf is free C[<9]-module, 
we may associate to R a formal distribution Lie superalgebra (g(R),$(R)) with 
Lie superalgebra g(R) spanned by C-basis a* m j (i G /, m 6 Z) and fields ^(i?) = 
M*) = Enez^^W with bracket (cf. Q): 

[a*(z),a>)] = ^(a l w ^)H9«5(z- W ), 

so that i^(-R) = R, giving rise to commutation relations (m,n G Z; j G J) 
( 2 - 3 ) [ a H> a y = Yl [™)( a U a3 )[m+n-ky 

It follows that the Lie superalgebra q of a formal distribution Lie superalgebra 
(0,30 is isomorphic to g(#) divided by an irregular ideal, that is an ideal which 
does not contain every ar n i for some non-zero element a G 

Example 2.1. The (centerless) Virasoro algebra QJ has a basis L n (n G Z) with 
commutation relations 

[L m , L n ] = (m — n)L m+n . 
It is spanned by the coefficients of the field L(z) = Ylm&L n z~ n ~ 2 satisfying 

(2.4) [L(z), L(w)} = d w L(w)5(z - w) + 2L(w)d w 5(z - w). 

The conformal algebra associated to the Virasoro algebra, is the Virasoro con- 
formal algebra R(%5) = C[d] (g> L with products L\L = (d + 2X)L. 

Example 2.2. Let g be a finite-dimensional Lie (super) algebra. Let = 0® 
C[t,t _1 ] denote the corresponding current algebra with bracket 

[a®f(t),b®g(t)] = [a,b]®f(t)g(t), a,b G 0; f(t), g(t) G Cftr 1 ]- 

For each a G g define a field a(z) = Enez( a ® t n )z~ n ~ x . Then is spanned by 
the coefficients of a(z) satisfying 

(2.5) [a{z), b(w)] = [a, b)(w)S(z - w). 

The conformal (super) algebra associated to the current algebra is the current 
conformal algebra R(q) = C[<9] Cg> with products a\b = [a, b], a,b G 0. 
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Example 2.3. The semidirect sum 33 x g is another example of a formal distri- 
bution Lie (super) algebra. The collection of fields is {L(z),a(z)\a G g} and we 
have in addition to ( |2.4| ) and ( |2.5| ) 



(2.6) [L{z), a(w)} = d w a(w)5(z — w) + a(w)d w 5(z — w). 

The conformal algebra associated to the semidirect sum of the Virasoro algebra 
and the current algebra is i?(23 Kg) = R(%3) x R(g). For a G g we have L x a = 
(<9 + A)a. 

2.2. Conformal Modules. Let (g, be a formal distribution Lie superalgebra. 
Let V be a g-module such that V is spanned over C by the coefficients of a family 
£ of fields. If all a(z) G $ are local with respect to all v (z) G £, then the pair 
(V, £) is called a conformal module over (g,#). 

Now the family £ of a conformal module (V, £) over (g, 3D similarly can be 
included in a larger family £, which is still local with respect to the fields from 
3, and invariant under d and a^, for all a G 3 and j G Z + . It can be shown that 
for a, b G 3 and t> G £ (m, n G Z + ) one has 

\ -» / m 



[a(m),b{n)]v = y ( . 1 (a(j)6)( m+n _j)V, (0a)( n )V = [<9, a (n) ]t; = -na( n _i)i>. 

3=0 ^ J ' 

Thus it follows that any conformal module (V, £) over a formal distribution Lie 
superalgebra (g, 3) gives rise to a module M = £ over the conformal superalgebra 
R = 3, defined as follows. It is a (left) Z 2 -graded C[<9]-module equipped with a 
family of C-linear maps a — > of R to EndcM, for each n G Z+, such that the 
following properties hold for a,b G R and m, n G Z + : 

(MO) af n) v = 0, for v G M and n » 0, 

(Ml) = £7=0 (7) 

(M2) W^^^aJ^-na^. 

Again it is convenient to write the action of an element a G R on an element 
v G M in the form of a generating series in V[A] 

00 A n 
a x v := ^a {n) v—. 

n=0 

Conversely, suppose that a conformal superalgebra R = ® ie/ C[<9]a* is a free 
C[<9]-module and consider the associated formal distribution Lie superalgebra 
(&(R), $(R)). Let M be a module over the conformal superalgebra i? and suppose 
that M is a free C[<9]-module with C[<9]-basis {v a } a( zj. This gives rise to a con- 
formal module V(M) over q(R) with fields £ = {v a (z) = J2 n & v \ n \ z ~ n ~ X \ a e ^} 



6 



SHUN- JEN CHENG AND NGAU LAM 



and C-basis denned by: 

a\z)v a {w) = YsHf^Md^Siz-w). 

jez+ 

A conformal module (V, £) (respectively module M) over a formal distribution 
Lie superalgebra (g, $) (respectively over a conformal superalgebra R) is called 
finite, if £ (respectively M) is a finitely generated C[<9]-module. A conformal 
module (V, £) over is called irreducible, if there is no non-trivial invariant 

subspace which contains all V[ n ], n E Z, for some non-zero w G £. An invariant 
subspace that does not contain all V[ n ], for some non-zero v G £, is called an zr- 
regular submodule and conformal modules that differ by an irregular submodule 
are called referred to as equivalent in 0. Clearly a conformal module is irre- 
ducible if and only if the associated module £ over the conformal superalgebra $ 
is irreducible. 

Remark 2.1. It follows from (M2) that an eigenvector v G M of the linear oper- 
ator 9 is an /^-invariant, i.e. ciuav = 0, for all n > 0. Thus a finite irreducible 
module over a conformal superalgebra is either free over C[<9] or else it is 
one-dimensional over C. 

Suppose that (g, $) is a formal distribution Lie superalgebra such that = g. 
Our discussion implies that any irreducible conformal module (V, £) over (g,#) 
is a quotient of an irreducible conformal module of the form V(M) divided by 
an irregular submodule, where M is an irreducible module over the conformal 
superalgebra 5- Hence in particular if V(M) is irreducible as a g-module for 
every irreducible M, then every finite irreducible conformal modules over (g, 
isomorphic to V(M), for some finite irreducible ^-module M. 

Example 2.4. The Virasoro algebra 23 may be identified with the Lie algebra 
of regular vector fields on C x , where L n = —t n+1 4:, n E Z. For a, A G C let 

F<%(a, A) = C[t,r 1 ]e- at dt 1 - A . 

The Lie algebra 23 acts on the space Fq}(a, A) in a natural way: 

{f{t)^)g{t)dt x -* = (f(t)g'(t) + (1 - A)g(t)f(t))dt 1 - A , 

where f(t) E C[t,t _1 ] and g(t) E C[t, t^e - "*. Letting t> [n] = t n e- at dt 1 ~ A and 
"K- 2 ) = Snez ^N- 2 "™" 1 this ac tion is equivalent to 

L(z)v (w) = (d w + a)v(w)5(z — w) + Av(w)d w S(z — w). 

Hence we have constructed a two-parameter family of conformal modules over 
23. This gives a family of i?(23)-modules C[d] (g> Ct>A with products L\v& = 
(a + d + AA)wa- This module is irreducible if and only if A ^ 0, in which case 
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it will be denoted by L^s(a, A). We set Lgj(a:, 0) to be the one-dimensional (over 
C) i?(9J)-module on which d acts as the scalar a. 

Example 2.5. Let g be a finite-dimensional simple Lie algebra and U A the finite- 
dimensional irreducible module of highest weight A. Then F g (A) = U A <S>C[t, t" 1 ] 
is naturally a module over g with action given by 

(2.7) 

(a ® /(*))(« ® g(t)) = au® f(t)g(t), a £ q,u £ U A ; f(t),g(t) £ C[t, r 1 ]. 

For each vector u £ U A define u(z) = Ylin&( u ®t' n ) z ~ n ~ 1 so ^ na ^ (13) ^ s equivalent 
to ^ 

a(z)«(w) = a«(w)5(2; — w), 

and hence -F (A) is conformal. This gives a family of i?(g)-modules, which is 
irreducible if and only if A ^ 0, in which case it will be denoted by L g (A). 
By Lg(0) we will mean the trivial -R(g)-module. Similarly one defines the one- 
dimensional module L g (a,0). 

Example 2.6. g acts on F^^a, A, A) = U A <S> F^{a, A) similarly as in Exam- 
ple |2.5| . However, on i^^a, A, A) we have also an action of 53, thus making 
it into a module over 33 x g. This module defines an i?(Q3 x g)-module which 
is irreducible if and only if (A, A) ^ (0,0), and in which case it will be denoted 
by Lsu K g(a, A, A). By L^ Kg {a, 0, 0) we will mean the one-dimensional module on 
which d acts a the scalar a. 

The following theorem was proved in M. 

Theorem 2.1. Let g stand for a finite- dimensional simple Lie algebra. Any finite 
irreducible module over the conformal algebras R(%3), R{q) and R(%3 x g) are as 
follows: 

i. L<n(a,A), 

ii. Lg(A) andL g (a,0), 
hi. Lgj Kg (a, A, A). 



Remark 2.2. We note that a similar statement as Theorem [2.1| part (iii) holds 
even if g is replaced by the 1-dimensional Lie algebra Ca. In this case U A = Cu 
with au = Am, A £ C. Also part (ii) remains true for all but three series of 
finite-dimensional simple Lie super algebras. 

2.3. Extended Annihilation Subalgebras. Given a formal distribution Lie 
super algebra (g,30 we let g + denote the C-span of all a[ n ], where n > and 
a £ Due to (|2.3| ) g + is closed under the bracket and hence form a subalgebra 
of g, which we will call the annihilation algebra of (g,30- Let d be the derivation 
of g + defined by [d, 0[„]] = — nar n _i], and consider the semi-direct sum of g + = 



cS 
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Cd x g + . Then g + is called the extended annihilated algebra of (g, The 
following proposition, which follows by comparing (Ml) with ( |2.3| ), is important 
for the theory of conformal modules. 

Proposition 2.1. Let R be a conformal superalgebra and (g(R),R($)) be its 
associated formal distribution Lie superalgebra with extended annihilation algebra 
q(R) + . Then a module over the conformal superalgebra R is precisely a g(R) + - 
module M satisfying a[ n ]V = 0, for each v G M, a G R and n >> 0. 

Remark 2.3. Let R be a conformal superalgebra with C[<9]-basis {a l \i G /} and 
M a free C[<9]-module with basis G J}. Given a^v^ G M for all i G I, 

j G J, n G Z + , which is for n » 0, condition (M2) uniquely extends the action 
of a 1 ^ to all of M. If in addition (Ml) holds, then M is an i?-module. Hence the 
action of an i?-module M is completely determined by the action of a C[<9]-basis 
of R on a C[<9]-basis of M. 

Example 2.7. In the case of the Virasoro algebra 53 the annihilation algebra 
53 + is spanned by elements L n , n > — 1. In the case of the current algebra g + 
is spanned by a <g> t n , where a G g and n > 0, while in the case of 03 x g it is 
2J+ k g+. 

The problem of classifying conformal modules over (g, ^) is thus reduced to 
the problem of classifying a class of modules over g(30 + . It is clear that in all 
our examples one has g(^) = g, and thus we are to study modules over g + . Now 
if in addition there exists an element L_i in g + such that L_i — d is central in 
g + , then every irreducible representation of g + is an irreducible representation 
of g + , on which (L-i — d) acts as a scalar a G C. In the case of the 53 and 
53 >< g and the iV = 2,3,4 superconformal superalgebras, which we will define 
later, such an L_i always exists so that we only need to consider representations 
of g + . The irreducible representations of 53+ , and 53+ x g + that give rise to those 
in Theorem |2TI] are denoted by L^j + (A) and Laj +K g + (A, A), respectively. The 
corresponding actions are clear and can be found in 

3. Finite Verma-type Conformal Modules 

Let £ be a Lie superalgebra over C with a distinguished element d and a 
descending sequence of subspaces £ = £_i D Lo ^ -^l 3 ^2 D "O £n D • • • , 
such that [9, £/.] = for all k > 0. Let be an ^-module, which is finitely 

generated over C[d], such that for all w G W there exists a non-negative integer 

(depending on w) with = 0. For m > — 2 set VF m = {w G lF|£j m+ iW = 0} 
and let M be the minimal non- negative integer such that Wm 7^ 0. 

Lemma 3.1. |§ Suppose that M > 0. Then C[d}W M = C[d] ® IF M and /ience 
C[9]Wjif H VFm = Wm- I n particular Wm is a finite- dimensional vector space. 
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Let g be a Lie superalgebra satisfying the following three conditions. 

(LI) g is Z-graded of finite depth deN, i.e. g = J >_ d 0j with Qj] C g i+ j. 
(L2) There exists a semisimple element z G go such that it centralizer in g is 
contained in g . 

(L3) There exits an element d G g_d such that [d, 0j] = for 2 > 0. 



Remark 3.1. If contains the grading operator with respect to its gradation, then 
condition (L2) is automatic. 

Examples of Lie superalgebras satisfying (L1)-(L3) are provided by annihi- 
lation subalgebras of superconformal algebras, which we will describe in more 
detail. 

Let t be an even indeterminate and £i, . . . , £jv be N odd indeterminate. Denote 
by A(iV) the Grassmann superalgebra in the indeterminates £i, . . . ,£tv and set 
A(l,iV) := C[t,t -1 ] ® A(JV). Let W(l,iV) be the derivation superalgebra of 

d_ 

dt 



K(1,N), then W(1,N) is a formal distribution Lie superalgebra ||. Letting 4 



and for i = 1, . . . , N, be the usual differential operators, every element in 



D G W(l, N) can be written as [10| 



d N d 
D = a °^7 + X^ ai ^"' a , Of, ... ,ajv e A(l,iV). 
ot . =1 0& 

The standard gradation of W(l, AT) is obtained by setting the degree of t and 
to be 1. Its annihilation subalgebra is W(l, N)+ = ©^.^(l, A%. W(l, N)+ 

in this gradation contains its grading operator given by z = tj^ + 5^i=i£i^ 
so that (L2) is satisfied. Also choosing d to be it follows that (L3) is also 
satisfied so that W(1,N) is a Lie superalgebra of the type above. Note that 
W(l,N) = gl(l,N). 

The subalgebra of divergence zero vector fields in W(l, N) contains an ideal of 
codimension 1. This ideal is its derived algebra and is the superconformal algebra 
5(1, AT) [Q. The standard gradation of W(l, N) + induces a gradation on the an- 
nihilation subalgebra 5(1, N) + of 5(1, N). Choosing z = tj^ + jj J2f=i Cigf: along 
with d = Jj; it follows that 5(1, N) + in this gradation also satisfies (Ll)-L(3). Ob- 
serve that 5(1, AT) o = sl(l,N) and also that the "small" N = 4 superconformal 
algebra (to be defined in Section |6]) is isomorphic to 5(1, 2) flTT| . 

The contact superalgebra K(l, N) is the subalgebra of W(l, N) defined by 

K(1,N) := {D G W{l,N)\Du = f D u, for some f D G A(1,JV)}, 

where u := dt — Y^iLi£id£i is the standard contact form. Here the action of D 
on u is the usual action of vector fields on differential forms. 
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The map from A(l, N) to K(l, N) given by to 




is a bijection and hence it allows us to identify K(l, N) with the polynomial 
superalgebra A(l, N). The Lie bracket in A(l, N), also called the contact bracket, 
then reads for homogeneous elements /, g 6 A(l, N): 

where E = J2f=i * s the Euler operator. 

When A" is even it is sometimes more convenient to make the change of basis 
& = 75^ + ^i+f ) and ^ 7 = 75^ ~ ^i+f )' for j = 1, ■ ■ ■ , f and z = y/-[, so 
that the contact bracket takes the split form: 

JV 

If, 9] = (2 " E)f% - |(2 - E) g + (-!)*/> + ^^). 

JV 

where £" again is the Euler operator J2i=i(^t ^+ + £Tgf=)- 

The contact superalgebra i(T(l, A/") is a formal distribution Lie superalgebra 
with fields defined as follows: Let I = {z 1; . . . ,4} be an ordered subset of 
{1, . . . , N}, and denote by the monomial ^ • • • Each such monomial gives 
rise to a field £i(z) = ^ 3 - g2 £r£' '-z - - 7-1 . Evidently the span of the coefficients of all 
such is i^(l, A/"). Furthermore it is easy to check that these fields are mutu- 
ally local and form a formal distribution Lie superalgebra. This Lie superalgebra 
becomes Z-graded by putting the degree of £jt n to 2n + k — 2. Obviously t is the 
grading operator of this gradation. This gradation of K(l, N) is usually referred 
to as its standard gradation. 

The annihilation subalgebra K(1,N) + of K(1,N) is spanned by the basis el- 
ements £ji n , where n > and / runs over all subsets of {ii, . . . ordered 
in (strictly) increasing order. The Z-gradation from K(l, N) induces a grada- 
tion on K(l, N) + making it a Z-graded Lie superalgebra of depth 2 so that 
K(1,N) + = ^^_ 2 (K(l,N) + )j satisfies (LI) and (L2). In this gradation it 
is easy to check that [1, (K(1, N) + )j] = (K(l,N)+)j- 2 for all j > 0, so that 
K(l, N) + also satisfies condition (L3). It is easy to see that the annihilation sub- 
algebra of the small N = 4 superconformal algebra, which we define in Section |6|, 
also satisfies conditions (L1)-(L3). Note that K(1,N) = csojy, the direct sum 
of the Lie algebra so^ and the one- dimensional Lie algebra. 
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Finally it follows from the description of the exceptional superconformal algebra 
CKq as a subalgebra of K(l, 6) in that its annihilation subalgebra (CK 6 ) + = 
J> 2 (C-K" 6 ) :) - is a Lie superalgebra satisfying (L1)-(L3) with (CK 6 ) = cso 6 . 

The modules over the annihilation subalgebras that are equivalent to modules 
over the corresponding conformal superalgebras are then g-modules V satisfying 
the following conditions. 

(VI) For all v G V there exists an integer k > —d (depending on v ) such that 

QkV = 0, for all k > k . 
(V2) V is finitely generated over C[d]. 

We shall call g-modules satisfying these two properties finite. Let V be a finite 
irreducible g-module. For n > —d — 1 set V n = {v G V^g^f = 0, Vj > n}. Let N 
be the minimal integer such that Vn ^ 0. Such an N exists by (VI). 

Lemma 3.2. If N > 0, then Vn is a finite-dimensional vector space over C. 

Proof. We let £ = g and put Lj = ©j^g? so that we have a filtration of 
subspaces 

£ 3 XLo — ) £i —) ^2 3 ■ ■ ■ 3 <C n ID • • ■ , 
with [d, Li] = for alH > by (L3). Let W m := {f G V\£j m+ iv = 0} and let 
M be the minimal integer such that Wm 7^ 0. Since N > implies that M > 0, 



this setting puts us in the situation of Lemma O , from which we conclude that 
Wm is a finite-dimensional vector space over C. Of course Vjv C Wm and hence 
it follows that Vjv is finite-dimensional as well. □ 

We obtain the following description of finite irreducible g-modules. 

Theorem 3.1. Let g = ®j > _ d Qj be a Lie superalgebra satisfying conditions 
(Ll)-(LS) and V a finite irreducible g-module. There exists a finite- dimensional 
irreducible Qo-module Uq, extended trivially to an /C (= ©j> Qj)-module, and a 
Q-epimorphism <p : Ind^f/o — > V. 

Proof. We will continue to use the notation defined earlier. First we show that 
N < 0. Suppose that N > 0. It is easy to see that Vn is invariant under £ . Now 
there exits a basis {xi, . . . ,x m } of Qn together with non-zero complex number 
Ai, . . . , A m such that [z,Xi] = \x, where z is the element of (L2). Since Vn is a 
finite-dimensional vector space it follows in particular that Xi acts nilpotently on 
Vn for all 1 < i < m. But [qn, Qn] C © 3 >jv+i 0i an( i so ^ ne action of the x^'s on 
Vn commutes. Therefore there exits a non-zero v & Vn such that Qnv = 0. But 
in this case Vn-i 7^ 0, which contradicts the minimality of N. Thus iV < 0. 

In the case when iV = 0, there exists an epimorphism of g-modules Ind^ Vo — > 
V, with Vo finite-dimensional due to Lemma |3.2| . By irreducibility of V it follows 
that Vo = Uq is an irreducible go-module. Now if N < 0, then there exists a 
non-zero vector v invariant under the action of g^, for j > 0. Again we have an 
epimorphism of g-modules Ind^ o Cw — > V. □ 
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As a corollary of Theorem [TT] we obtain the following. 

Corollary 3.1. There exists a bijection between finite irreducible conformal mod- 
ules of the superconformal algebra g and finite- dimensional irreducible represen- 
tations of the Lie (super) algebra q , where 

i. g = K(l, N) and go = cson, 
ii. q = W{1,N) and g = gl(l,N), 
hi. g = 5(1, N) and g = sl(l,N), 
iv. g = CKq and go = csoq. 



Proof. By Theorem |3.1| every finite irreducible g-module is a homomorphic image 
of Ind® Uq. Now the usual argument for highest weight representations implies 
that given a finite-dimensional irreducible go-module Uq the g-module Ind® f/o 
contains a unique maximal submodule, from which the bijection then follows. □ 

Remark 3.2. It is usual to put a half-integer gradation on K(l, N) when thinking 
of it as a superconformal algebra. The grading operator of K(l, N) with respect 
to this gradation is then | rather than t. In this gradation one has K(l, N) + = 
©i>-i 0j' where j G |Z. Theorem |37l] of course remains valid after making some 



obvious changes regarding gradation. For a Lie superalgebra g = © J ->_ 1 0j with 
j G |Z, we will make it a convention to write g_ for the subalgebra ©, <o 0i- 

4. Finite irreducible Modules over the N = 2 conformal 

SUPERALGEBRA 

The N = 2 superconformal algebra is the formal distribution Lie superal- 
gebra K(l,2). Letting denote the two odd indeterminates (so that we 
are using the split contact form) this algebra is generated by the following four 
fields: L(z) = ^ G ± (z) = £ re|+z ^^"i and J(z) = 

Snez £ ~£ + t n z~ n ~ 1 . Its corresponding conformal superalgebra is then generated 
freely over C[d] by {L, J, G ± } with products: 

L x L = (d + 2X)L, L x J=(d + X)J, L X G ± = (d+h)G ± , 

J X G ± = ±G ± , G+G- = {d + 2X)J + 2L. 

Letting L n = — G> = ^t r+ ^ and J n = £~£ + t n with n G Z, r G \ + Z, the 
non-zero brackets in i^(l, 2) are (m, n G Z and r, s G | + Z): 

[A™ L n ] = (m — n)L m+n , [L m , G r ] = (— — r)G m+r , [L m , J n ] = —nJ n+m , 
[Jm, G r ) = ±G^ +r , [Gy~, G s ] = 2L r+s + (r — s)J r+s . 

The annihilation subalgebra g = K(l, 2) + is then spanned by L m , J n and Gf, 
where m > — 1, n > and r > — |. Note that letting 0j be the span of Xj, where 
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X = L,J,G ± , equips g = © J >_ 1 0j, j G |Z, with a (consistent) ^Z-gradation. 
We denote L_! by 9 from now on. 

Let Ci>a,A) A, A G C, be the one-dimensional module over the abelian Lie 
algebra go = CLo + CJo, determined by 

L VA,A = Aw AiA , J ^A,A = At) AjA . 

We may extend Cf a,a to a module over £ = ©j>o 0j D Y setting QjV a,a = 0, 
for j > 0. Let (A, A) := Ind^Ci^A- We denote by N the unique maximal 
submodule of (A, A). The quotient Ms^(A,A)/N is the irreducible highest 
weight module Lt^a (A, A) of highest weight (A, A). By Theorem j3T] L^a (A, A) 
for A, A G C form a complete list of finite irreducible K(l, 2) + -modules. Our 
next objective is to give a more explicit description of N and hence of (A, A). 

It is clear that d k VA,A, <9 fc G\t>A,A, 9 k G~iVA,A and d k G^ 1 G~_ L v& y j V) k > 0, 

2 2 2 2 

is a basis consisting of (L , Jo)-weight vectors for (A, A) of (L , Jo)-weights 
(A + k, A), (A + k + ~, A + 1), (A + k + |, A - 1) and (A + k + 1, A), respectively 
A non-zero (L , Jo) -weight vector v G M^a (A, A) is called a singular vector if 
0ji> = 0, for all j > 0. We call a singular vector proper if it is not a scalar 
multiple of the highest weight vector v a ,a- Obviously Ms^a (A, A) is irreducible 
if and only if M^p (A, A) contains no proper singular vector. We now analyze 
singular vectors inside M^a (A, A). 

Lemma 4.1. Let k > 1 and suppose that w = ad k v a.a + (3d k ~ l G^ L G^ ±v a,a o 

a — a 

singular vector of (L , J )-weight (A + k, A) m M^a (A, A), where a, (3 G C. T/ien 

/c = 1. Furthermore any proper singular vector of this form is a scalar multiple of 

either G^ l G2iVa,a, in which case A = —\ and A = 1, or (—2d + G^i G~ i )t>A,A, 
22' 22' 

in which case A = —\ and A = — 1. 

Proof. Note that w is singular if and only if J\W = Gfw = 0. We compute 

2 

(4.1) G+w = {ak - (5{2A + A^^G+^a.a = 0, 

2 2 

(4.2) G-,w = {ak + (3{2A - A + 2k))d k - l Gl x _ v AA = 0, 

2 2 

(4.3) J x w = (aAfc + /5(2A + A))9 fc " 1 i;A,A + /5(^- 1)A3* _2 G+ 1 G: 1 ^ 1 a = 0. 

2 2 

But then (3^0, since otherwise ( |4.1|) would imply that k = 0. However, /3 7^ 
together with ( |4.1|) and ( |4.2j ) implies that 

(4.4) 2A + k = 0. 
Now ( fi"3"D gives 

(4.5) aAk + [3(2A + A) = 0, /3(jfe - 1)A = 0. 
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Now if k > 1, then (gj) gives A = and A = 0. But then fc = by (g7T|). Hence 
fc = 1 so that by Q we have A = -|. 

Now if a 7^ 0, we have from (|4.1|) and ( |4.3| ) a(l + A) = and hence A = — 1. 
The first equation of (|4.5| ) then implies that a + 2/? = 0. 

On the other hand if a = 0, the first equation of Q4.5| ) gives A = 1. □ 



Lemma 4.2. Lei k £ Z+. 

i. If d k G^ 1 v A)A is a singular vector of (L , J )- weight (A + k + h,A+l), then 

2 

= and 2 A — A = 0. Furthermore in this case G^±v AA is a singular 

~ 2 

vector. 

ii. If d k G~ 1 VA,A is a singular vector of (L , J ) -weight (A + + |, A — 1), then 

2 

= and 2A + A = 0. Furthermore in this case G~ x v AtA a singular 

~ 2 

sector. 

Proof. The lemma follows immediately from the following two equations: 

G- k d k G\v AA = (2A - A + 2k)d k v A>A + kd^G^G'^v^ = 0, 

22' 22' 

Gta fe G:^ A ,A = (2 A + A)<9V,a + k&- x G+ x G-_iV^ = 0. 
22 22 

□ 



Thus Lemma [O] and Lemma |4.2| prove the following. 

Proposition 4.1. Any proper singular vector in M^p (A, A) is a scalar multiple 
of 

i. G_i^a,A; i n which case we have 2A — A = 0. In the particular case of 

2 

A = — i and A = — 1 we have in addition G~ X G + \v A a- 

2 ~2 ~2 ' 

ii. G~ifA,A; ^n which case we have 2A + A = 0. In tne particular case of 

2 

A = — I and A = 1 we nave m addition G + X G~ x v A A . 

2 ~2 ~5 ' 

Let A" be the subspace of My? (A, A) given by 

N = C[d]G+ lVAjA + C[d]GZiG\v A>A , if 2A - A = and A ^ 0, 

2 22' 

A" = C[d)GZ L v AjA + C[d)G+ L GZ L v A>A , if 2A + A = and A ^ 0. 

2 22' 

It follows from Proposition [O] that in either case A^ is a submodule of M^p (A, A). 

Theorem 4.1. Tne modules (A, A) , for A, A G C, form a complete list 
of non-isomorphic finite (over C[d]) irreducible K(l,2) + -modules. Furthermore 
Lsjp (A, A) as a C[d]-module has rank 

i. 4, in the case 2A ± A ^ 0, 

ii. 2, in the case 2A ± A = and 2A =f A ^ 0, 
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iii. 0, in the case A = A = 0. 



Proof. If 2A+A ^ and 2A-A ^ 0, then by Proposition [O] M m s (A, A) contains 
no proper singular vector and hence is irreducible. 

Suppose that 2A + A = and 2A - A ^ 0. In this case consider the sub- 
module of M{jp(A,A) generated by the singular vector G~i1>a,a- This mod- 

+ 2 

ule is precisely N above and hence (A, A)/iV is freely generated over C[d] 
by vaa and G~^ 1 vaa- We claim that M m 2 (A,A)/N is irreducible. The even 

part of K(l, 2) + is isomorphic to the semi-direct sum of 03+ (generated by L n ) 
and g + (generated by J n ), where q is the one-dimensional Lie algebra. We first 
consider Myp(A,A)/N as a module over the 23 + x g + . The vectors Va,a and 
Gtv A ,A have (L , Jo)-weights (A, A) and (A + |,A + 1), respectively, and fur- 

2 ' 

thermore are both annihilated by L n and J n , for n > 1. Now since 2 A + A = 
and 2A - A ^ 0, we have (A, A) ^ (0,0) and (A + |, A + 1) ^ (0,0). From 
this it follows that M^a (A,A)/N as a module over 23+ x g+ is a direct sum of 
two non-isomorphic irreducible modules, namely C[d]vA,A — L($ + k~ s+ (A, A) and 
i ^a,a — -^co + x0 + (A + |, A + 1) (see Section |2| for notation). But we have 



GTG\v AA = (2A - A)v A(A ^ 0, 

2 2 

which implies that as a K(l, 2) + -module (A, A) is irreducible. 

The case when 2A — A = and 2A + A ^ is completely analogous and we 
leave it to the reader. 

Finally in the case when A = A = 0, both G'^ 1 va,a an d G~ x va,a are proper 

2 2 

singular vectors. Now the submodule in (0, 0) generated by these two vectors 

contains [G'^ 1 ,G~i]va,a — 29va,a, and hence has codimension 1 over C. So the 

22' 

resulting quotient is the trivial module. □ 



It follows that every finite irreducible module over the N = 2 conformal su- 
peralgebra is of the form 1^2(0!, A, A), where a, A, A G C. We will write down 
explicit formulas for the action of the conformal superalgebra on such irreducible 
modules in the generating series form. Since we have already explained in Sec- 
tion |2| how such formulas can be obtained in general, we will omit the proofs. 

In the case when 2A ±A / the module 1/^2 (a, A, A) is generated freely 
over C[d] by two even vectors v,v + ~ and two odd vectors v + ,v~. We have the 
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following action on the generators: 

L x v = (d + a + AX)v, L\v ± = (d + a + (A + ^)A)^, 

L x v + - = (d + a + (A + l)\)v + - + (A + ^)X 2 v, 

J x v = Av, J x v ± = (A ± l)w ± , J x v + - = Av + ~ + (2A + A)Xv, 

G x v = v ± , G+v + = G x v~ = 0, G+v~ = v + ~ + (2A + A)Au, 

G+v + ~ = -A(2A + A)v + , G~ x v + = (2d + 2a + A(2A - A))v - v + ~ , 

G^v + ~ = (2d + 2a + (2A + 2 - A)X)v~. 

In the case when 2A + A = but 2A - A ^ the module L<yp(a, A, A) is 
generated freely over C[d] by one even vector v and one odd vector v + . The 
action is then given by 

L x v = (d + a + AX)v, L x v + = (d + a + (A + ^)X)v + , 

J x v = -2Av, J x v + = (-2A + l)v + , G+v = v + , G+v + = 0, 
Gjv = 0, G^v + = (2d + 2a + 4AX)v. 



In the case 2A — A = but 2A + A^0 the module Ltyp(ct, A, A) is generated 
freely over C[d] by one even vector v and one odd vector v~ with action: 

L x v = (d + a + AX)v, L x v~ = (d + a + (A + ^)A)u", 

J x v = 2Av, J x v~ = (2A - l)v~, G+v = 0, 

G+v~ = (2d + 2a + 4AX)v, G^v = v~, G^v~ = 0. 

Finally Lt^a, 0, 0) is the one-dimensional trivial module on which d acts as 
the scalar a. 

Remark 4.1. We note that the formulas above are obtained by first putting v = 

v a,a, ^ = G^iVa,a and v + ~ = G~^iG~iVa,a and then compute the action of 

2 22' 

the operators L n , J m and Gf, for n > — 1, m > and r > — | on these vector. 
Translation into the language of conformal modules is an easy task using these 
formulas and we will omit this. Of course the parity of the vectors i>,i> ± ,i> + ~ in 
all the examples above can be reversed. Finally we note that the adjoint module 
is isomorphic to £^2(0, 1,0). 

5. Finite irreducible Modules over the N = 3 conformal 

SUPERALGEBRA 

The N = 3 superconformal algebra is the formal distribution Lie superalgebra 
K(l, 3). Letting £ 1; £ 2 , £3 be the three odd indeterminates K(l, 3) is spanned over 
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C by the following basis elements (nGZ and re | + Z): 

L„ = - — , H n = 2ite 2 t n , E n ={-Z&-i£ 2 &)t n , F n = (^ 3 -t^ 3 )t n , 

*r = -&66f r ~* ^ = -2^ r+ ^, e r = (^i-6K r+l , /r = fc + ( 2 )t r+ i 

Let {if, £7, F} denote the standard basis of the Lie algebra sl 2 and {/i, e, /} denote 
the standard basis of its adjoint module. Furthermore we let (-|-) denote the non- 
degenerate invariant symmetric bilinear form on sl 2 with (H\H) = 2. Keeping 
this notation in mind the commutation relations of K(l,3) are then given as 
follows (where X,Y = H, E, F and x,y — h, e, /): 

in 

[L m , * r ] = (-— - r)^ m+r , [X m , y n ] = [X, Y] m+n , [X m , * r ] = 0, 

[X m , y r ] = [X, y] m+r + 2m(X|Y)^ m+r , [z r , J = -X r+S , [* r , *J = 0, 
[x P ,j/.] = -(r- S )[X,F] r+s -4(X|F)L r+s , 

where m, n G Z and r, s G | + Z. Above we have written [X, y] for the action 
of X on y. The eight formal distributions generating this algebra are given by 

L ( Z ) = J2n& L nZ- n ~ 2 , X{Z) = J2n& X nZ~ n ~\ x(z) = ErG I+Z ^~ r ~ ^ and 

^( Z ) = E re i+z ^ r z~ r ~2 ■ The corresponding operator product expansions of 
these fields are easily derived from ( |2.3| ), and so we will omit them. 

The annihilation subalgebra K(l, 3)+ is equipped with a |Z-gradation of depth 
1, i.e. K(l, 3) + = g = ©,->_ 1 Sj, j G |Z, and its 0-th graded component go is 
isomorphic to a copy of gl 2 — sl 2 © CL , with if , E and F providing the 
standard basis for the copy of sl 2 . 

Let U A ' A be the finite-dimensional irreducible s/2-module of highest weight 
A G Z + on which Lq acts as the scalar A. We let v a,a be a highest weight vector 
in U A ' A . We extend U A ' A to a module over the subalgebra £ = ©j>oSi i* 1 
a trivial way and call this £o- m odule also U A ' A . By Theorem |3.1| every finite 
irreducible g-module is a homomorphic image of (A, A) = Ind^ () t/ A,A and 
furthermore (A, A) has a unique maximal submodule N, whose irreducible 
quotient we denote by (A, A). 

Note that (A, A) as a module over sl 2 is a direct sum of infinitely many 
copies of finite-dimensional irreducible representations. Since d commutes with 
Eq, the Fo-invariants M m 3 (A, A) E ° is a C [d] -submodule of (A, A), and hence 
is a free C[<9]-module. We can write down explicitly formulas for a C[<9]-basis of 
M<jp (A, A) E °. In the case when A > 2 the following is a C[<9]-basis: 

a-i = va,a, a 2 = e_iv A ,A, a 3 = (Ah_i + 2e_ iF )v a ,a, 
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a 4 = ((A - l)(A/_i - h_iF ) - e_iF > A ,A, 

a 5 = e_i/i_iUA,A, «6 = (Ae_i/_i - e_i/j_iFo)fA,A, 

22' v 2 2 2 2' 

a 7 = ((A - l)(A/i_i/_i + 4<9F + 2e_i/_iF ) - e_i/i_iF > A ,A, 
a 8 = (e_i/i_i f i — 2dh_i)v\ a- 

2 2 2 2 ' 

The cases A = 0, 1 are similar. Namely, when A = 1 we have a 4 = a 7 = 0, 
and the remaining 6 vectors form a C[<9]-basis. Finally, in the case when A = 
0, the terms a 3 = = a e = aj = 0, so that M^p (A, 0) E ° has rank 4 over 
C[<9]. (Actually the vectors a, depend on A, so it would be more appropriate 
to write something like af instead of just eij. However, from the context it will 
always be clear what A is, so that it is safe to adopt the simpler notation of 
aj.) We denote the coefficient of t>A,A i n the expression aj by uf so that we 
have di = uft>A,A) for i = 1,... ,8. For example = 1, while u£ = e_i 
etc. We note that finding all vectors in Mty^(A, A) E ° above amounts essentially 
to decomposing tensor products of irreducible representations of sl 2 and then 
finding the corresponding highest weight vectors of the irreducible components. 
Similarly we call a non-zero (Lo, -ffo)- w eight vector v in M^s (A, A) singular if 

v G M m 3 (A, A)^ and QjV = 0, for all j > 0. As before a singular vector is called 
proper if it is not a scalar multiple of v a,a- Evidently M^p (A, A) is irreducible if 
and only if (A, A) contains no proper singular vector. Our first objective is 
to classify singular vectors inside Mt^a (A, A). 

Proposition 5.1. Any proper singular vector in M^e^A, A) is of the form (a G 
C with a 7^ 0) 

i. aa 2 , z/4A - A = ; 

ii. aa 4 , if 4A + A + 2 = and A>2, 

iii. aa 6 , z/4A + A + 2 = and A = 1. 

Remark 5.1. The proof of the proposition is a straightforward, albeit a tedious, 
calculation. We will not give the details here, but instead just point out that a 
weight vector v G M<^ (A, A) E ° is singular if and only if fi and annihilates 
v. This fact simplifies the calculation significantly. 

From Proposition |5.1| one obtains immediately the following. 

Corollary 5.1. Suppose that (A, A) does not satisfy either 4A — A = or 4A + 

A + 2 = and A > 1. Then (A, A) = M^s (A, A) is an irreducible K(l,3)+- 
module of rank 8 A + 8 over C[d]. 

Proposition 5.2. Suppose that 4A — A = 0. Then L m ^(A,A) is a free C[d}- 
module of rank 4A. 
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Proof. By Proposition |5. 1| a 2 is a singular vector in Msyp (j, A) of i/cr weight A + 2. 
Consider N, the 0-submodule generated by a 2 . Then we have N = U(g-)V 2 , 
where V 2 is the irreducible s/ 2 -submodule generated by a%. Note that the map 
va + i a+2 — > a 2 extends uniquely to an epimorphism of K(l, 3)+-modules from 

Mrrfi + |, A + 2) to N. In particular it is an s/ 2 -module epimorphism. Now 
both modules are completely reducible s/ 2 -modules and hence this map sends 
E'o-invariants onto i?o-invariants. Since M<y^(j + |, A + 2) E ° is generated over 

C[d] by {uf +2 VA + i A+2 \l < i < 8}, it follows that N E ° is generated over C[9] 

by {w A+2 o 2 |l < z < 8}. Now N E ° is a C[<9]-submodule of (f,A), since 

[9, i?o] = 0. Thus it is a free C[<9]-submodule generated by {uf +2 a 2 \l < i < 8}. 
We compute 

w A+2 a 2 = a 2 , w 2 +2 a 2 = 0, w A+2 a 2 = -(A + 4)a 5 , 
M A+2 a 2 = -(A + 3)a 6 - 4(A + 1)(A + 3)<9ai, u^ +2 a 2 = 0, 
< +2 a 2 = -4(A + 3)<9a 2 , w A+2 a 2 = (A + 3) (A + 2)a 8 + 2(A + 3)<9a 3 , 
Ug +2 a 2 = — 2<9a 5 . 

By inspection it is clear that the following is a set of C [d] -generators for N E °. 



2 

S A = {a 2 , a 5 , a 6 + 4(A + l)9oi, a s + A + 2 ^ Q3 ^ 

First consider the case when A > 2. It follows from the description of S x 
above that {ai, 03, a^, a 7 } is a C[<9]-basis for the E^-invariants of the quotient 
M<yi3_(j,A)/N. Since a± and CI3 both have ifo- weight A, they generate two copies 
of the irreducible s/ 2 -module of dimension A + 1. On the other hand a 4 and a-j 
both have weight A — 2, and so they generate two copies of the irreducible sl 2 - 
module of dimension A — 1. Thus (j,A)/N is a free C[<9]-module of rank 
2(A + 1) + 2(A — 1) = 4A. So in order to complete the proof it remains to show 
that M<y^(j,A)/N is irreducible. 

Note that L n , n > —1, together with E , H , F generate a copy of 5J+ © sl 2 
and so we may consider (j,A)/N as a module over 2J + © sl 2 . By parity 

consideration (~,A)/N is a direct sum of two © s/ 2 )-modules, namely 
(M^s (f ,A)/N) 5 = C[«9]V1 + C[d]V 7 and (M^ (f , A)/JV)i = C[<9]V 3 + C[<9]V 4 , 
where is the irreducible s/ 2 -module generated by Oj. It is subject to a direct 
verification that L n , for n > 1, annihilates the vectors 01,03,04,07 (in fact one 
only needs to check that L^a-j = 0, others being trivial) and hence (j, A)/N 
as a 5J + ffis/ 2 -module is a direct sum the following four non-isomorphic irreducible 
modules: C[d]V 3 = L^f + f) B f/ A , C[d]V 4 = Wf + f) ^ ^ A_2 > C[0]K = 
Laj + (f) K £/ A and C[d]V 7 = £«o+(t + 1) B f/ A ~ 2 , where we denote by £7" the 
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irreducible ^-module of highest weight «. Now we compute 

(5.1) *ia 3 = -A(A + 2)a ls /ia 4 = (2A + 2)F V 

E x a 7 = 2A(A - 1)(2A + 2)a u 

from which it follows that we may go from each irreducible 2J + © ^-component of 
Mtj|3 (-j, A)/iV to the irreducible component containing the highest weight vectors, 

and hence the module M m 3 (4, A)/N is irreducible. 

Now if A = 1 the vectors 04 and 07 are both zero. Therefore the quotient 
M«na (£, A)/JV = C[0]Vi © C[<9]F 3 . But then the first identity in Q) shows that 

, A) /AT is irreducible. The rank of L^s (f , A) is then 2 (A + 1) = 4A in the 
case A = 1. 

Finally when A = 0, the vectors 03,04,06,07 = 0, so that S A reduces to 
{o 2 , o 5 , dai, o 8 }. Therefore (0, 0)/A = Cai is the trivial module and so 
has rank 0. □ 



Proposition 5.3. Suppose that 4A + A + 2 = and A > 1. Then (A, A) is 
a free C [d]- module of rank 4A + 8. 

Proof. By Proposition [54] 04 is a singular vector of (— A±2 ; A) of i^o-weight 
A — 2. Let A denote the g-submodule generated by 04. 

Consider first the case A > 4. As in the proof of Proposition |5.1| N E ° is a free 
C[<9]-module generated over C[d] by {uf" 2 o 4 |l < i < 8}. We compute 

u A _2 a 4 = 04, u A ~ 2 a 4 = (A — l)a6, M3 _2 04 = (A — 2)a 7 , u A ~ 2 a 4 = 0, 
?4~ 2 a 4 = A(A - l)a 8 + 2(A - l)da 3 , u A ~ 2 a 4 = 0, u A ~ 2 a 4 = 0, 
Mg _2 a4 = —2da-j. 

This implies that the set S A = {a 4 , (A - l)a 6 , (A - 2)a 7 , A(A - l)a 8 + 2(A - 
l)<9a 3 ,<9a 7 } generates A Eo over C[9] and so {01,02,03,05} is a C[<9]-basis for 
(M^3_(-Ap, A)/A) Bo in the case when A > 4. 

Next consider the case A = 3. In this case, letting A be as before, N E ° is 
generated over C[d] by {-of~ 2 a4|l < i < 8, i 7^ 4,7}. Hence it follows from the 
above formulas that again {ai, a 2 , o 3 , a 5 } is a C[<9]-basis for (M^ (— Ap, A) /N) E °. 

In the case when A = 2 we let A' denote the module generated by 04. It follows 
that the vectors {u A ~ 2 a 4 , u A ~ 2 a 4 , u A ~ 2 a 4 , u A ~ 2 a 4 } generate N' E ° over C[d] so that 
S A = {a 4 ,a 6 ,a s + da 3 ,da 7 } generate N E °. Hence (M^s (-^, A)/N') E ° contains 
in addition a one-dimensional (over C) subspace spanned by 07. However, da-j = 
in (Mstfi (— Ap, A)/N') and hence it is a {(-invariant by Remark |2.1| . In this case 

we set A = A' + Ca 7 so that the quotient module (M^(-Ap, A)/N) E ° is again 
generated over C[d] by {ai, a 2 , a 3 , a 5 }. 
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Now a,i and 03 have ifo-weight A, while a 2 and a 5 have ifo -we ight A + 2. Thus 
M^i [-^jr,A)/N has rank 2(A + 1) + 2 (A + 3) = 4A + 8 over C[d]. So it remains 

to show that M m s + (-^-,A)/N is irreducible. 

Again we consider M^a (— A 4^, A)/Af as a module over 2J + © 5/2- It is easy to 
check that L n , n > 1, annihilates 01,02,03,05- (Again one really only needs 
to check that Lia$ = 0.) Thus it follows that in the case of A > 3 that 
Mfyf (— ^±2, A) /AT is a direct sum of the following four non-isomorphic irreducible 

SJ+ © s/2-modules: C[0]Vi L2j + (-^) H f/ A , C[<9]V 2 = L3j + (-f) K f/ A+2 , 
C[d]V 3 S L^-f) B t/ A and C[0]V 5 = L 2T+ (- A ^) K f/ A+2 , where as before 
[7 M stands for the irreducible s/2-module of highest weight /1 and Vi is the sl 2 - 
submodule generated by the vector Oj. Now we compute 

(5.2) /i02 = 2(A + l)ai, *»a 3 = -A(A + 2)a x , F x a 5 = -4(A + l)a x , 

from which again it follows that we may go from any irreducible 5J + © sl 2 - 
component of M m 3^(— Ap, A)/N to the component containing the highest weight 

vectors, and hence Ms^ ( — ^J 2 -, A)/N is irreducible. 

As for the case A = 2 we have M m 3 (— ^j 2 -, A)/N as a 5J + © sZ 2 -module is also a 

direct sum of the C[<9]yi©C[<9]K2©C[<9]V 3 ©C[<9]V 5 - The first three modules, as in 
the case of A > 3 are irreducible. However, C[<9]Vs contains a unique irreducible 
submodule generated by the vector da?,, which is isomorphic to L^ + {— 1) Kl[/ A+2 . 
But then (|5.2|) together with the fact that 



F 2 da 1 = -24oi 



shows that M<y$ (— Ap, A)/A r is irreducible in this well. 



In the case when A = 1 we have by Proposition 5T that 06 is the unique (up 



to a scalar) singular vector inside (— |, 1). Let A denote the 0-submodule 

generated by ae- Since 06 has ifo-weight 1, A B ° is the free C[<9]-module generated 
by {w A o 6 |l < % < 8, i + 4, 7}. We have 

w A ei6 = 06, w A 06 — 0, m A «6 — — 3a§ — 6<9a 3 , 
M A a6 = 0, m a o 6 = — 8<9a 6 , Mg a6 = —2dag — 4<9 2 03, 

from which it follows that N E ° is generated over C[d) by S A = {a 6 ,as + 2<9a 3 }. 
Since a 4 = 07 = in this situation, we see that (M^ (— |, 1)/N) E ° is generated 
over C[d] by the vectors 01,02,03,05, just as in the case A > 2. Now the exact 
same argument as in the A > 2 case shows that (— |, 1)/N is irreducible and 
has rank 4 A + 8 over C\d}. □ 



We summarize the work in this section in the following theorem. 
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Theorem 5.1. The modules L ^3 (A, A), for A G C and A G Z +; /brm a complete 
list of non-isomorphic finite (over C[d}) irreducible K(l,3) + -modules. Further- 
more Lyp (A, A) as a C[d] -module has rank 

i. 4A ; in the case 4A - A = 0, 

ii. 4A + 8, the case 4A + A + 2 = and A > 1. 

iii. 8A + 8 ; in all other cases. 

Furthermore the C[d]-rank of (A,A)g equals the C[d]-rank of (A, A)j in 
all cases. 

Remark 5.2. Translating the above theorem back into the languages of modules 
over conformal superalgebras and of conformal modules is now a straightforward 
task. We thus have proved that all finite irreducible modules over the N = 3 
conformal superalgebra are of the form L<j$ («, A, A), where a, A G C and A G Z + . 
The definition of these modules and also the action of the N = 3 conformal 
superalgebra on them are quite easy to obtain from our explicit description of a 
C[<9]-basis of these modules. To do so would however take up quite a significant 
portion of space, and thus we leave this task to the interested reader. We only 
remark that the adjoint module is isomorphic to Lsjp(0, |, 0). 

6. Finite irreducible Modules over the "small" AT = 4 conformal 

SUPERALGEBRA 

The "small" N = 4 superconformal algebra is the following subalgebra of 
if (1,4): Let G;^2,^3,^4 denote four odd indeterminates generating the Grass- 
mann superalgebra A(4). For a monomial in A(4) we let £j be its Hodge dual, 
i.e. the unique monomial in A(4) such that = ^i^2^3^4- Then the small N = 4 
superconformal algebra is isomorphic to any of the following two subalgebras in 
if (1,4) spanned by the following basis elements (n G Z, r G \ + Z, f3 2 = 1) ||: 

= -\{t n+l + (3n(n + l)£ 1 6^ 4 t n ~ 1 ), 

f£ = + - + iKiU)t n , 

G+ + " = ^=((fc + ^^)t r ^ - P(r + + i^f*), 
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As before let {H, E, F} denote the standard basis of the Lie algebra s/2 and 
{G ++ ,G~ + } denote the standard basis of its standard module, i.e. H ■ G ++ = 
G ++ , H ■ G' + = -G-+, E ■ G++ = F ■ G"+ = 0, F ■ G ++ = G~+ and E ■ 
G~ + = G ++ . Likewise {G + ~,G } also denotes a copy of the standard basis 
of the standard s/2-module with actions H ■ G + ~ = G + ~ , H ■ G = —G , 
E ■ G + - = F ■ G = 0, F ■ G+- = G and E ■ G = G+~. With this 
notation in mind the commutation relations are then given as follows (where 
X,Y = H, E, F and x,y = G ++ ,G- + ,G + - ,G~ ): 

[G++^, G+^] = (r - s)(l + [G+ +/3 , GJ^} = (r - s)(l - 



[G r + +^, GT' 3 ] = -(r - - 2L? +S , [G+^, G; + ^] = (r - S )/3^ +s + 2l£ 

g;-' 3 ] = -(r - s)(l-/?)if +s , [G;^,g;^] = -(r - + 



r+s; 



where m, n G Z and r, s G ~ + Z. The eight formal distributions generating 
this algebra are given by L^(z) = Y, n & L n z ~ n ~ 2 , xP ( z ) = Enez X r^~ n_1 > 



xP{z) = ^2 r( zi + z x r z r The operator product expansions of these fields are 



easily derived using Q2.3|) . 

We will denote the "small" A = 4 superconformal algebra simply by SK(1,4) 
and assume for the rest of this section that we have chosen its realization as 
the subalgebra of AT(1,4) with (3 = 1 for future computational purposes. For 
simplicity we will drop the superscript (3 and write L n for L@ etc. when we mean 
(3 = 1. 

The annihilation subalgebra q = SK(1, 4) + of SK(1, 4) is equipped with a |Z- 
gradation of depth 1, i.e. g = ©j>_!0j, j G |Z, and its 0-th graded component 
go is isomorphic to a copy of g/ 2 — sZ 2 © CL , with if , E and F providing the 
standard basis of the copy of 5/2- Again we let U A,A be the finite-dimensional 
irreducible s/2-module of highest weight A G Z + on which Lq acts as the scalar A 
and v a,a be a highest weight vector in f/ A,A . As in the case of K(l, 3)+, we may 
extend U A ' A to a module over the subalgebra & = © J>0 Qj trivially and call this 
£o- m odule also U A,A . Again Theorem |3.1| tells us that every finite irreducible 
0-module is the quotient of M^(A, A) = Ind^ o f/ A,A by its unique maximal 
submodule, for some A G C and A G Z + . We denote the unique irreducible 
quotient by L^a (A, A) so that every finite irreducible SK(1, 4) + -module is of the 
form Ly4 (A, A), for A G C and A G Z+. 
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Now (A, A) is completely reducible as a module over sl 2 = CH + CE + 
CF , and the subspace of .^-invariants M^t (A, A) E ° is a free C[<9]-submodule of 
Mfyj4 (A, A) due to [Eq, d] = 0. We write down explicit formulas for a C[<9]-basis 
of Mgji (A, A) E °, which in the case when A > 2 takes the following form: 

ai = v a ,a, a 2 = G+tv A ,A, a 3 = G+7 v a ,a, ^4 = (AG~t - G+tF )f a ,a, 

2 2 2 2 

a 5 = (-AG_i + G_iFq)v Aj \, a 6 = G_ 1 G_iV A ^, a 7 = G^GifA^, 

2 2 2 2 2 2 

a 8 = G~^tG~^~[v a,a, «9 = (^itG^i — G^]G"i )v a,a, 

2 2 2 2 2 2 

aio = (— AG^tG_i + F )t>A,A, 

2 2 2 2 

a n = ((A - lX-ACr+GlT + CT+G+TFo + G++G:7F ) - G + iG\F%)v AA , 

22 22 22 22 

ai2 = G_tG^tG^ i f a,a, ai3 = G^|G^iG_ii;a,a, 

2 2 2 2 2 2 

a 14 = Gl+G+K-AGIT + G^oK,a, 

2 2 2 2 

a 15 = (-AGI+G+TGIT + G+iG+TCTTFo^A, 

2 2 2 2 2 2 

a,i6 = GjtG~^tG^i G_]_t'A,A- 

2 2 2 2 

Now in the case when A = 1 we have an = so that the remaining 15 vectors 
form a C[<9]-basis for (A,A) E °, while in the case when A = we have a 4 = 

as = aio = a n = a i4 = a i5 = 0, so that (A, 0)^° has rank 10 over C[<9]. As 
in Section |] we denote the coefficient of v a,a m the expression by uf so that 
we have a« = ufv A ,A, for i = 1, . . . , 16. 

Singular vectors are then defined to be non-zero (L , i?o) _we ight vectors t> G 
(A, A) B ° with jjjf = 0, for all j > 0. Similarly we define proper singular 
vectors. Our approach is analogous to the one of Section |5], that is first to analyze 
singular vectors inside M^a (A, A). This is given by the following proposition, 
whose proof is again a straightforward calculation, which admittedly is rather 
tedious. 

Proposition 6.1. A complete list of proper singular vectors inside M^(A, A) 
is given by: 

i. 2A- A = 0. 

a. aa 2 + (3a 3 , (a, (3) ^ (0, 0), 

b. aa s , «^0. 

ii. 2A + A + 2 = and A > 2. 

a. cra 4 + /5a 5; (a, (3) ^ (0, 0) ; 

b. aa\x, «^0. 

iii. 2A + A + 2 = andk = l. 

a. cra 4 + /3a 5; (a, /3) 7^ (0, 0), 
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b. aa 14 + (3(a 15 - 2da 5 ), (a, /3) ^ (0, 0) ; 

c. a(ai6 — 2da w ), a^O. 
iv. 2A + A + 2 = andA = 0. 

a. aa 6 + /5a 7 + 7(0,9 — 2(9ax) ; (a, (5, 7) 7^ (0, 0, 0), 

b. aa 13 + (3(a l2 + 2da 2 ) , (a, (3) ^ (0, 0) . 

Remark 6. 1 . We note that in order to check that a weight vector v G (A, A) E ° 

is singular, it is enough to check that v is annihilated by Fx, G*7 + and G7~. 

2 2 

Corollary 6.1. Suppose that (A, A) does noi satisfy either 2 A — A = or 2 A + 

A + 2 = 0. Then (A, A) = (A, A) z's an irreducible SK(1, 4) + -module of 
rank 16A + 16 over C[d]. 



Proposition 6.2. Suppose that 2A — A = 0. T/ien (A, A) z's a /ree C[d]- 
module of rank 4A . 

Proof. By Proposition |6.1| a 2 and 03 are singular vectors in M«j^ A). Consider 
A/2 and A/3, the 0-submodules generated by a 2 and 03, respectively, and let N = 
N 2 + N 3 . Then we have N 2 = U(g_)V 2 and N 3 = U(g-)V 3 , where V 2 and V 3 are 
the irreducible s/2-submodules generated by a 2 and 03, respectively. Let's first 
compute N 2 Eo . Since the H -weight of a 2 is A + 1, we know that N E ° is a free 
C[<9]-module generated over C[d] by {uf +l a 2 \l < i < 16}. We have 

.A+l„ —„ „.A+1^ _n „A+1^ — ^ „.A+1, 



■?i 1 + a 2 = 02, m 2 °2 = 0, u 3 + a 2 = -a 8 , m 4 + a 2 = (A + 2)a 6 , 
^5 +1 02 = —09 — aio + 2(A + 2)(9ai, Uq +1 o 2 = 0, M7 +1 a 2 = ai 3 — 2da 3 , 
u$ +1 a 2 = 0, u£ +1 a 2 = -a 12 + 2da 2 , < +1 a 2 = a 12 + 2(A + 2)<9a 2 , 
^+^2 = 2(A + 2)<9a 4 - (A + 2)014, u^ l a 2 = 0, < 3 +1 a 2 = -2<9a 8 , 
< 4 +1 a 2 = 2(A + 2)<9a 6 , < 5 +1 a 2 = -(A + 2)a 16 + 2(A + l)da 9 - 2da 10 , 
Mf 6 +1 a 2 = — 2da 1 



'12- 



Next we find C [9] -generators of A^ . Similarly {u A+1 a3|l < i < 16} generates 
N 3 E ° over C[9]: ' 

Ux +1 d3 = CL 3 , U2 +1 a 3 = ag, M3 +1 03 = 0, M4 +1 03 = (A + l)dg — Clxo, 

u^ +l a 3 = (A + 2)a 7 , u£ +1 a 3 = a 12 , 4 +1 a 3 = 0, ^ +1 o 3 = 0, 
u£ +1 a 3 = o 13 , < +1 a 3 = (A + 2)a 13 , < +1 a 3 = -(A + 2)o 15 , 
M i2 +la 3 = -aw, wf3 +1 a 3 = 0, u^a 3 = (A + 2)ai 6 , M^ 5 +1 a 3 = 0, 
< +1 o 3 = 0. 
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It follows that N E ° is generated over C[d) by the following set 

S A = {02, a 3 , a 6 , 07, a 8 , ag — 2da\, aio — 2(A + \)da\, a 12 , a 13 , au — 2da^ 015, aig}. 

Suppose that A > 2. From the description of S A we see that {a 1 ,a 4i ,a 5 ,a n } 
is a C[<9]-basis for the i?o-invariants of the quotient M^(^,A)/N. Since a± 
has ifo-weight A, it generates a copy of the irreducible s/2-module of dimension 
A + 1. Now 04 and 05 both have weight A — 1, and so they generate two copies 
of the irreducible s/2-module of dimension A. Finally an has weight A — 2, and 
so it generates a copy of the irreducible s/2-module of dimension A — 1. Thus 
M^4 ( f, A)/N is a free C[<9]-module of rank (A + 1) + 2A + (A - 1) = 4A. So we 

need to show that (~, A)/N is irreducible. 

As in Section [5] L n , n > —1, together with E ,H ,F generate a copy of 
(23+ © sl 2 ), which thus allow us to study the (Q3 + © s/ 2 )-module structure of 
Msrf, (-j, A)/iV. By parity consideration (|-, A)/N is a direct sum of two 

modules, namely (M^(f , A)/JV)o = C[0]Vi + C[5]F n and (M^ (f , A)/JV)i = 
C[9]V4 + C[9]V5, where Vi is the irreducible s/ 2 -module generated by a;. We can 
easily check that L n , for n > 1, annihilates the vectors 01,04,05,011. (Again 
the only non-trivial part is to check that L\a\\ = 0.) Thus Myfi(~,A)/N as 
a 23+ © s^-module is a direct sum of the following four irreducible modules: 

and C[(9]Vii = Ls£ + ( A y^) Klf/ A ~ 2 , where as usual is the irreducible s/2-module 
of highest weight /i. Note that, contrary to the K(l, 3)+ case, the odd part here is 
a sum of two isomorphic modules. To conclude that M^t (~, A)/N is irreducible, 
we show again that one may go from each irreducible 23+ © s/2-component to the 
irreducible component containing the g-highest weight vectors. But this follows 
from the following computation. 

(6.1) Gt + (aa 4 + Pa 5 ) = /3A(2A + 2)a ls a, P e C, 

2 

(6.2) G"a 4 = (2A + 2) F ai, £ian = A(A - 1)(2A + 2)a x . 

2 

Now if A = 1 the vector an is zero. Therefore the quotient (j,A)/N = 
C[d]V 1 ®C[d]V 4 ®C[d]V 5 . But then (£TJ) and the first identity in show that 
(-, A) /A is irreducible. The rank of ( 4 , A) is then (A + 1) + 2A, which 
equals to 4A, in the case A = 1. 

Finally when A = 0, the vectors = = aio = an = an = 015 = so that 
S A reduces to {02, 03, a 6 , a 7 , as, ag, dai, au, 013, ai 6 }. Hence M<y^(0,0)/N = Cai 
is the trivial module and so has rank 0. □ 

Proposition 6.3. Suppose that 2A + A + 2 = 0. Then (A, A) is a free 
C[d]-module of rank 4 A + 8. 
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Proof. By Proposition a 4 and a 5 are singular vectors of M<^t (— A±2 ( A) in the 
case A > 1. 

Assume first that A > 3. Let N 4 and N 5 be the g-sub modules generated by 
a 4 and a 5 , respectively. We form the 0-sub module N = N 4 + N 5 and consider 
N E °. The set {wf _1 a 4 |1 < i < 16} is a set of C[<9]-generators for N±°, since 04 
has H - weight A — 1. We have 

uf~ 1 a J 4 = 04, u 2 ~ 1 a 4 = — Aa6, w 3 _1 a4 = 2Kda\ — Aag + aw, u^~ 1 a4 = 0, 
u^~ x a 4 = —an, UQ~ 1 a 4 = 0, u^ 1 a 4 = — a i5 + 2<9a 5 , Mg~ 1 a 4 = 2Ada 2 + Aai 2 , 
■ag _1 a 4 = ai4 + 2<9a 4 , uf ~ 1 a 4 = (A — l)ai 4 , uf 1 ~ 1 a 4 = 0, «£f 1 a4 = 2A<9a 6 , 
M i3 la 4 = — Aai 6 + 2(9ai , Wi4~ la 4 = 0, u^ l a 4 = —2da,\x, ■uf 6 ~ 1 a 4 = 2<9ai 4 . 
Similarly, the following is a set of C[<9]-generators for N E °. 
«i X 05 = a bi M2~ la 5 = a io ; M 3 ~ la 5 = — a 7 , u^' 1 ^ = an, W5 _1 a 5 = 0, 
M 6~ lfl 5 = a i4, U7 _1 a 5 = 0, Us -1 a 5 = -Aais, Uq' 1 ^ = a 15 , w^ _1 a 5 = 0, 
M i"f la 5 = 0, u A 2 ~ l a h = -a 16 , u^ l a b = 0, u^ 4 l a h = 0, u^a 5 = 0, 
M i6~ la 5 = 0. 
Therefore 

S = {a 4 , a 5 , ag, a 7 , a 9 — 2<9ai, ai , an, ai2 + 2<9a2, ai 3 , a\ 4 , ai 5 , ai 6 } 

is a set of C [d] -generators for N E °, which implies that {ai, 02, 03, ag} is a C[d]- 
basis for (M^ + (-^,A)/N) Eo in the case when A > 3. 

In the case when A = 2 the set {uf ~ 1 a 4 , uf _1 a 5 |l < i < 16,i 7^ 11} generate 
N E °. But Ui{ l a 4 = u^f 1 a 5 = 0, and hence {ai, a 2 , 03, a 8 } is also a C[<9]-basis for 
(M^4 (-^, A)/N) Eo in this case as well. 

In the case when A = 1 we note that an = and {uf~ 1 a 4 ,uf~ 1 a5\l < i < 
16, i 7^ 4, 5, 10, 11, 14, 15} generates N E ° over C[<9]. From the formulas above one 
sees that a set of C[<9]-generators for A^ is given by the set S A above, but with 
an removed. Hence the quotient module is again generated freely over C[<9] by 
{ai,a 2 ,a 3 ,a 8 }. 

Hence in the case when A > 1 the quotient module (M^ (— A)/N) E ° 
is generated freely over C[d] by {ai, a 2 , a 3 , a§}. Now ai has ifo-weight A, a 2 
and a 3 both have i^cr weight A + 1, and a 8 has H - weight A + 2. Therefore 
M^ + (-^,A)/N has rank (A + 1) + 2(A + 2) + (A + 3) = 4A + 8 over C[d). So 

it remains to show that M^, (— A±2 ( A)/N is irreducible. 

We again study (— ^±2, A) /AT as a 53+ © s^-module. It is easy to check 



that L n , n > 1, annihilates ai,a 2 , 03,^8 and hence ( — ^— ,A)/N is a direct 
sum of the following four irreducible 23+ © s/ 2 -modules: C[9]Vi = L<^ + ( — ±2) Kl 
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U A , C[d]V 2 L<u + (-A±I) M U A+ \ C[d]V 3 S ^(-Atl) ^ f/A+i and = 
L<s+{— -)KI£/ A+2 , where is the s/2-submodule generated by the vector a.j. Again 
C[9]V2 = C[d)V 3 as 23+ © s/ 2 -modules. Now we compute 

G^(aa 2 + f3a 3 ) = 2a(A + l)a±, Va,/3GC, 

2 

G7 + a 3 = -2(A + l)ai, Fi<z 8 = -2(A + l)ai. 

2 

Therefore (-^, A)/JV is irreducible. 



Now consider the case of A = 0. By Proposition [64] a 6 , a 7 and ag — 2<9ai 
are singular vectors inside (— 1,0). Let iV 6 , A 7 and Ag be the g-submodules 
generated by ag, 07 and ag — 2<9ai, respectively, and put N = N$ + N 7 + Ng. We 
note that a 6 , a 7 and a g — 2da\ have if - weight 0, hence Nq° is generated over 
C[9] by {ufa & \\ < i < 16, i ^ 4, 5, 10, 11, 14, 15} and similarly for N?° and A^°. 
We first compute a set of C[<9]-generators for Nq°. 

u A ae = ae, u 2 a§ = 0, u A a$ = 2da 2 + ai 2 , u A a§ = 0, 
u A a 6 = 4d 2 ai — 2da 9 + a 16 , u A a e = 0, u A a$ = 4<9a 6 , 
Ui2 a G = 0, u A 3 a 6 = 4d 2 a 2 + 2da\ 2 , u A & a G = 4<9 2 a 6 . 

A set of C [d] -generators for is given as follows. 

u A a-j = 07, u 2 aj = ai3, u A a,7 = 0, w A a7 = aie, « A a7 = 0, 
■u A a 7 = 0, Mga 7 = 0, u A 2 a 7 = 0, w A 3 a 7 = 0, u A 6 a 7 = 0. 

Finally we have the following set of C[<9]-generators for Ng° . 

u A (ag — 2dai) = ag — 2da,i, u 2 (ag — 2da{) = —a\ 2 — 2da 2 , 
u A (a 9 — 2d(ii) = a 13 , (a g — 2dai) = — 2<9a 6 , u A (a g — 2dai) = 2<9a 7 , 
u A (a 9 — 2dai) = 0, u 9 (ag — 2<9ax) = 2ai 6 , u A 2 {ag — 2da{) = 0, 
u A 3 (ag — 2dai) = 29ai3, u w( a 9 ~ 2da\) = 2da\Q. 

From this it follows that {a^, a 7 , a 9 — 2da\, a\ 2 + 2<9a2, ai3, a 16 } generate N E ° over 
C[<9]. But a 4 = a 5 = a 10 = an = ai 4 = ai 5 = 0, and thus (M^ (—1,0)/N) E ° is 
generated over C[d] by the vectors a±, a 2 , a 3 and a§, which takes us back to the 
case when A > 1, except that here C[<9]Vg is not irreducible. It contains a unique 
irreducible submodule isomorphic to L<% + (1) Kl U 2 generated by da 8 . But then 
the above calculation plus the fact that 

F 2 da 8 = -4(A + l) Ql 

show that Miyp (— 1, 0)/A is irreducible of rank 8. □ 
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Theorem 6.1. The modules (A, A), for A G C and A G Z + , /orm a complete 
list of non-isomorphic finite (over C[d]) irreducible SK (1,4) + -modules. Further- 
more Ltft (A, A) as a C[<9] -module has rank 

i. 4A, in tae case 2A — A = 0, 

ii. 4A + 8, in tae case 2A + A + 2 = 0. 

iii. 16A + 16, in all other cases. 

Furthermore the C[d]-rank of (A, A)g equals the C[d]-rank of (A,A)j in 
all cases. 

Remark 6.2. Translating the above theorem into the languages of modules over 
conformal algebras and of conformal modules is again straightforward. We there- 
fore obtain that all finite irreducible modules over the "small" N = 4 conformal 
superalgebra are of the form L<j^(a,A,A), where a, A G C and A G Z + . The 
definition of these modules and also the action of the conformal superalgebra on 
them are easily gotten from our explicit description of a C [d] -basis in this sec- 
tion and hence omitted, as to reproduce them would take up quite a significant 
portion of space. Again we only note that the adjoint module is isomorphic to 
L^(0,l,2). 

7. Finite irreducible Modules over the "big" N = 4 conformal 

SUPERALGEBRA 

In this section we give a classification of finite irreducible conformal modules 
over the contact superalgebra If (1,4), also known as the "big" N = 4 supercon- 
formal algebra. Our approach is based on our results obtained in Section ||. 

Recall from Section |] that L@, X@ and x%, where X = H, E, F, x = G ++ , 
G h ,G + ~,L7 , n G Z, r G |+Z and the fixed number (3 is either 1 or —1, provide 
a basis for a copy of 57^(1, 4) inside K(l, 4). In this section it will be convenient 
to distinguish these two copies. We therefore denote the copy obtained by set- 
ting (3 = 1 simply by SK(1,4), while the copy obtained by setting (3 = — 1 by 
3K(1,A). It is easy to see from our formulas that If (1,4) = SK(1,4) + SK(1,4). 
Similarly we distinguish the basis elements of SK(1,4) and SK(1, 4) as fol- 
lows. The generators inside SK(1,4) will be denoted by L n , X n , x r , while gener- 
ators inside SK (1,4) will be denoted by L n ,X n ,x r , where again X = H,E,F, 
x = G ++ ,G~ + ,G + ~ ,G . Of course we have x_i = x_i, L_i = L_i and L = L . 

Remark 7.1. The map (b : SK(1,4) — > SK(1,4) defined by <f>(L n ) = L n , (f>(X n ) = 
X n , (f)(G++) = G + r + , (f>(G+~) = G; + , <f)(G;+) = and <j)(G") = G~~ , where 
n G Z and r G \ + Z is an isomorphism of Lie super algebras. Thus all formulas 
in Section |6] with <p(L n ), <p(X n ) and (b(x r ) replacing L n , X n and x r , respectively, 
remain valid. 
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Let g = K(l, 4) + be the annihilation subalgebra of K(l, 4) so that we have g = 
SK(1,4) + + SK(1,4) + , the sum of the corresponding annihilation subalgebras. 
We have as before g = © J> _ 1 Qj, where j G Furthermore g_ = SK(1, 4)_ = 

SK(1,A)^ and go = CL © s/ 2 © sl 2 = CSO4, where s/ 2 and s/ 2 denote two copies 
of the Lie algebra s/ 2 , generated by H ,E , F and H , E ,F , respectively. 

Let U A ' A ' A be the finite-dimensional irreducible s/ 2 © sZ 2 -module of highest 
weight (A, A) G Z + x Z + on which Lq acts as the scalar A G C and let v A A ^ denote 

a highest weight vector in U A,A ' A so that H v AAA = Av A A A , H v AA ^ = Av a a A 

and -^o^a,a,a = ^^A,A a- Regarding JJ A ' A,A as a module over £ = ©j>o0j it 
follows from Theorem 34] that every finite irreducible g-module is a quotient of 
M S 4(A,A,A) = Ind^ o ?7 A ' A ' A . The unique irreducible quotient will be denoted 
by L 6 4(A,A,A). 

Now M e 4 (A, A, A) is a completely reducible g -module, and the subspace of 
CE © CEo-invariants, denoted by M 6 4 (A, A, A)^ , is a free C[<9]-submodule 
of M S 4 (A, A, A). We write down explicit formulas for a C[<9]-basis for the space 
M & 4 (A, A, A) Eo ' Eo , which in the case when A, A > 2 is as follows: 



2 

63 = (AG-+ - G+tF )v AAA , 64 = (AC7+7 - G + +F K a a> 

2 2 ' ■ 2 2 

65 = (AAG77 - AG+7F0 - AGI+Fq + G++F F )v A A A , 

2 2 2 2 1 ' 

66 = G^tG\ f A A a, &7 — (-M^_I^^I +G^tG'_i) — 2G^tG^i -Fo)^ a A A' 

22'' 22 22 22 ' ' 

b 8 = ((A - 1)(-AC7:+G:7 + G-jG^Fo + G++G:7F ) - G++G+7F 2 K A A , 

22 22 22 22 '' 

69 = G~^tG _tv A A A , 610 = (A(G_"7G_i — G_|G^i) — 2G J [_~\_G _~\_Fq\v A A A , 

22'' 22 22 22 

6 U = ((A - 1)(-AG+7G77 + G + _lG-fF Q + G+tGTTFo) - G+tCTtFoK, 



2 22 22 22 

612 = G^{(j^i(j_|?; aa j, 613 = {A-G~^~tG_fG_ 1 — G_iG_iG_i)u AiA) j, 



2n 

A, A' 



2 



&i4 — (AG^jG^iG^i — G^tC^i G_t)^A a A' 

222 222'' 

b 15 = (AG:+G:i(AG+7 - G++F ) + AG+!G+7(G:7F - G- + F F )) 

222 2 222 

616 = (G+tG+7G7!G'77 - 0(CrtG+7 + G+tG77)K,A,A- 



V A,A,A> 



In the case when A = A = 1 (respectively A = A = 0) we have b 8 = 6 n = 
(respectively 63 = 64 = 65 = 67 = b$ = b w = bn = 613 = 614 = 615 = 0), thus 
giving us 14 (respectively 6) generators. Other cases are easily described as well, 
however, we will not need them because of Proposition |74] below. Thus we will 
omit them. 
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We will, as before, denote the coefficient of v AA j in b{ by uf' A for f < i < 16. 
In the case when A = A, which is the only case we will be concerned with in what 
follows, we simply write uf for uf' A and also v a,a for v a,a,A- 

Proposition 7.1. If M 6 ^ (A, A, A) zs a reducible Q-module, then either 2A — A = 

2A - A = or e/se 2A + A + 2 = 2A + A + 2 = 0. In particular i/A^A, £/ten 
M e 4 (A, A, A) is irreducible. 

Proof. As a module over SK(1, 4)+ we have M S 4 (A, A, A) = U(g-) <g> [7 A > A ' X is a 
direct sum of A + 1 copies of (A, A), generated by the highest weight vectors 

F J v A A where < j < A. Since the if o-weights of the F J Q v A A A 's are all distinct 
for distinct j's it follows that these modules as SK(1,4) + x Ci/ - m °dules are 
all non-isomorphic. Therefore if Ms^t (A, A) is irreducible over SK(1,4) + , then 

M e 4 (A, A, A) is irreducible over g. From this and Corollary |0] we thus conclude 
that in the case when A - 2A ^ and A + 2A + 2 ^ the g-module M 6 4 (A, A, A) 
is irreducible. 

By symmetry we conclude that if A — 2 A ^ and A + 2 A + 2 ^ 0, then 
M@4 (A, A, A) is irreducible over q as well. 

Therefore M 6 4 (A, A, A) is possibly reducible only if both A and A satisfy one of 
the two linear equations A — 2x = and A + 2x + 2 = 0. But the case A — 2A = 
and A + 2A + 2 = is not possible, since both A and A are non-negative integers. 
By the same token A — 2A = and A + 2A + 2 = is not possible, either. 
Hence either we have A - 2A = and A - 2A = or else A + 2A + 2 = and 
A + 2A + 2 = 0. In either case we must have A = A. □ 

The next step is to analyze proper singular vectors inside M©4(A, A, A). (The 
definitions of singular vectors and proper singular vectors of g are of course anal- 



ogous.) By Proposition [fj] proper singular vectors exist only if A = A with either 
2A + A = or 2A + A + 2 = 0. 

Proposition 7.2. A complete list of proper singular vectors inside M e 4 (A, A, A) 
is given by: 

i. a&2? oc 7^ 0, in the case 2A — A = 0. 

ii. 0:65, a 7^ 0, in the case 2A + A + 2 = and A > 1. 

Proof. Since as a 5^(1, 4) + -module M S 4(A, A, A) is a direct sum of A + 1 copies 
of Msxjt(A, A) we obtain a description of the vector space spanned by all proper 
SK(1, 4) + -singular vectors by virtue of Proposition |6T| . But as a SK(1,A) + - 
module M S 4(A,A,A) is also a direct sum of A + 1 copies of Mty^A, A), from 
which we obtain similarly a description of the vector space spanned by all proper 



SK(1, 4) + -singular vectors (see Remark |7.1|) . The intersection of these two spaces 
is the space of proper singular vectors. 
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In the case when 2A — A = it follows from Proposition |6.1| that the space 
of proper SK(1, 4) + - singular vectors is spanned by G^t^QV^A, G^JF va,a and 

2 ' 2 

G^tG^F^v a,a, for < j < A. On the other hand the space of proper SK(1, 4) + - 

~2 — 2 

singular vectors is spanned by G^tF^v^, G^tF^v^^ and G^tG^tF^v^^, for 

2*2' 22' 
< j < A. It is not hard to see that the intersection of these two spaces is the 

one-dimensional space spanned by G^t v A.A, which is 6 2 . 

2 

Other cases are analogous and so we omit the details. □ 

Proposition 7.3. Suppose that 2A — A = 0. Then L S 4 (A, A, A) is a free C[dj- 
module of rank 8A(A + 1). 

Proof. By Proposition [7.2| 6 2 is a singular vector in M & a (~, A, A). Consider N, 
the g-submodule generated by 62- Then we have N = U(q-)V, where V is the 
irreducible s/2©s^2-sub module generated by 62- Let us compute the space N E °' E °, 
the space of (CE © CEo)-invariants inside N. Since the (Hq, #0)- weight of 62 is 
(A + 1, A + 1), we know that N E °' E ° is a free C[<9]-module generated over C[d] by 
{uf + %\l < i < 16}. We have 

u A+ % = b 2 , 4 + % = 0, u A+ % = -(A + 2)b 9 , u A+ % = -(A + 2)6 6 , 
*4 +1 6 2 = "^y^( & 7 + 610 + 4(A + 1)960, = 0, u A+1 b 2 = -(A + 3)6 12 , 

u£ +1 6 2 = -(A + 2)(6 13 - 2<% 3 ), < +1 6 2 = 0, < +1 6 2 = (A + 3)6 12 - 4(A + l)d6 2 , 
u^ + % = -(A + 2)(6i 4 -296 4 ), < 2 +1 6 2 = 0, i4 +1 6 2 = -2(A + 2)<% 9 , 
< +1 6 2 = -2(A + 2)<96 6 , < 5 +1 & 2 = -4(A + l)<9 2 6x - (A + 2) 2 6 16 + (A + 2)<96 7 , 
< +1 & 2 = -496x3. 

It follows that N Eo,E ° is generated over C[<9] by the set 

S A = {6 2 , 6 6 , b 7 + 6 10 + 4(A + 2)<% 1; 6 9 , 6 12 , 6 13 - 2d6 3 , 6 14 - 2«% 4 , 

&16 " (t^~ )9&7 " 2 ^ +1 l d 2 h}. 

6 v A + 2 ; 7 (A + 2) 2 1 

In the case when A > 2 it follows from the description of S A that {6x, 63, 64, 65, 6g, 
6xo+2A96x, 6xx, 615} is a C[<9]-basis for the (C£'o©Ci?o)-i n variants of the quotient 
space M S 4 (-,A, A)/AT. (The choice of 6x0 + 2A<%i instead of just 6x0 will be 
explained later.) 

The (L , H , i? )-weights of 6 X , 63, 64, h, 6 8 , 6 10 + 2A96x, b u , 6 15 are (A, A, A), 
(A + I A -1, A + 1), (A + I, A + 1, A- 1), (A + |, A - 1, A - 1), (A + 1, A - 
2, A), (A + 1, A, A), (A + 1, A, A - 2), (A + |, A - 1, A - 1), respectively. Hence 
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M S 4 (|, A, A)/N is a free C[<9]-module of rank 8A(A + 1). So we need to show 
that M S 4 (|, A, A)/iV is irreducible. 

Now L n , n > —1, together with E ,H ,Fq and Eo,H ,F generate a copy 
of (23+ © s/ 2 © sl 2 ), which thus allow us to study the (QJ + © sl 2 © s/ 2 )-module 
structure of M 6 4 (f, A, A) /AT. We can easily check that L n , for n > 1, annihilates 
the vectors & 1( 6 3 , 6 4 , 6 5 , 6 8 , 6i + 2Adb\ 1 6n, 6i 5 . (We want to point out that 
&io is not annihilated by L n , for n > 1, hence the choice of 6 10 + 2A<96i.) Thus 
M@4 A, A) /AT as a (2J + ©s/ 2 ©s/ 2 )-module is a direct sum of the following eight 
irreducible modules: C[0]Vi = Laj + (~) El £/ A ' A , C[<9]V 3 = ^+(^ 1 ) Ej Z7 A " 1 ' A+1 , 
C[9]V 4 = ^(^ El ?7 A+1 ' A - 1 , C[<9]V 5 = ^(^j 1 ) E C[<9]^ 8 S 

Lat^) E t/ A - 2 - A , C[9]y 10 = W 4 ?) El U A ' A , C[d]V n = L*, + (±&)® U A ^ 2 , 
C[d]V 15 = L 2J+ ( A ^) El f/A-LA- 1 , where V { is the irreducible sl 2 © s/ 2 -module 
generated by 6;, for i 7^ 10, and V10 is generated by 610 + 2Adb\, and finally 
jj^fi denotes the irreducible sl 2 © s/ 2 -module of highest weight (//,//)■ Note 
that as (23 + © s/ 2 © sZ 2 )-modules they are all non-isomorphic and thus to show 
that M & 4 (^, A, A) /AT is irreducible, it suffices to show that one may send a 

(23 + ©sZ 2 ffisZ 2 )-highest weight vector in any irreducible (2J + ©s/ 2 ©s/ 2 )-component 
to the irreducible component containing the g-highest weight vectors. This follows 
from the following computation. 

G-rh = 2(A + l)F b h GTh = 2(A + l)F &i, 

2 2 

Gt + b 5 = -2A 2 (A + 1)6!, £i& 8 = 2A(A - 1)(A + l)6 l5 

2 

F 1 {b 10 + 2A8b l ) = -2(A + 2)F Q 6 X , E^n = 2A(A - 1)(A + l)6 ls 
G| + 6 15 = -2A 2 (A + l)6i. 

Now if A = 1 the vectors 6 8 = 6 U = 0. Therefore M S 4 (|, A, A)/N is C[d]Vi © 
C[d]V 3 © C[0]F 4 © C[9]y s © C[d]V w © C[d]V 15 . But then the above calculation 
also shows that M 6 4 (|-, A, A)/N is irreducible. The rank of L S 4 (— , A, A) is then 
4 + 3 + 3 + 1 + 4 + 1 = 16, which is equal to 8A(A + 1) in the case when A = 1. 

Finally when A = 0, the vectors 63 = 64 = 65 = 67 = 6s = 610 = 6n = 613 = 
614 = 615 = and S A reduces to {6 2 , dbi, 69, 6i 2 , 616 }. Hence M 6 ± (0,0,0) /AT = 
C&i is the trivial module and so has rank 0. □ 

Proposition 7.4. Suppose that 2 A + A + 2 = and A > 1. Then L & a + (A, A, A) 
is a free C[d]-module of rank 8(A + 1)(A + 2). 

Proof. By Proposition |7]2| 65 is a singular vector in M S 4 (— A y 2 -, A, A). Let A" be 
the 0-submodule generated by 6 5 so that N = U (g_)V, where V is the irreducible 
si 2 © s/ 2 -submodule generated by 65. Consider N Eo,E °, the subspace in A" of 
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CE © CEo-invariants. Now the (H , H Q )- weight of fo 5 is (A — 1, A — 1) and so 
N E ,E ig a free q<9]-module generated over C[d] by {u A_1 6 5 |l < % < 16}. We 



It follows that in the case A > 2 that N E ° ,E ° is generated over C[d] by the set 



Hence in this case {&i, 62, &3, &4, &6> &9, &io + 2A<%i,&i 2 } is a C[<9]-basis for the 
(CE © CE )-invariants of M S 4 (-^±2, A, A) /N. 

The (L , if , if )-weights of 61, b 2 , b 3 , 64, 6 6 , 69, b w + 2A9fei, 612 are (A, A, A), 
(A + i,A + 1,A + 1), (A + i,A- 1,A+ 1), (A + |,A + 1,A-1), (A + 1,A + 
2, A), (A + 1, A, A + 2), (A + 1, A, A), (A + §, A + 1, A + 1), respectively Hence 
M 6 4 (-^±2, A)/A is a free C[<9]-module of rank 8(A + 1)(A + 2). So we need to 
show that M e 4 (|, A, A) /N is irreducible. 

Again we will study the (Q3 + ©sZ 2 ©s/ 2 )-module structure of (-, A)/N. We 
can check directly that L n , for n > 1, annihilates the vectors 61, 62, b 3 , &4, &6, &9, 
6i +2A96i, 612. Thus M e 4 (-^, A, A)/N as a (23 + ©s/2©sZ 2 )-module is a direct 

sum of the following eight irreducible modules: C[9]Vi = ^y^) E £/ A ' A , 

C[d]y 2 = Lw+C-^) E f/ A+1 ' A+1 , C[d]V 3 L^ + (-A±i) E f/ A - 1 ' A +i ) C [d] V4 ^ 
W"^) E [/W- 1 , L^-f) IE f/ A+2 ' A , C[9]Vg - IE 

f/ A > A + 2 , C[d]V 10 = B f^ A ' A , C[d]Vi 2 = L 5J+ (- A Y i) E [/a+i.a+i^ where 

Vi is the irreducible sl 2 © s/ 2 -module generated by b iy for « 7^ 10, and V w is 
generated by 610 + 2Adb±, and £/ M,M is the irreducible s/ 2 © s/2-module of highest 
weight (/i, //). Note these modules are all irreducible. Note further that they are 
all non- isomorphic. So as before to show that M S 4 (— A y 2 -, A, A) /AT is irreducible, 

it suffices to show that one may send a (2J + ffis/2©s^2)-highest weight vector in any 
irreducible (23+ © s/ 2 © s^-component to the irreducible component containing 



have 




65, «2 % = ^{h + 610), «3 % = -Ab 8 , M A ^5 = -A6n, 

0, 4~% = Ab 14 , Uj~ 1 b$ = —(A — 1)615, < _1 & 5 = 0, 

A6 13 , 4 % = (A - 1)6 15 , u^f^g = 0, 

A(A6 16 + «% 7 ), u^% = 0, <- 1 6 5 = 0, m a - 1 6 5 = 0, 

96i 5 . 



5 = {65, b 7 + 610, 6s, 611, 613, 614, 615, Afrie + <9fe 7 }. 
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the 0-highest weight vectors. For this purpose we compute 
G^h = 2(A + 1)6!, Gl~b 3 = -2A(A + 

2 2 

G7 + 6 4 = -2A(A + l)6i, F^e = -2(A + l)h, 

2 

F^g = -2(A + Fi(6i + 2Adb ± ) = 2AF b u 
^7"6i2 = 8(A+l)6i. 

This settles the case when A >_2. 

In the case when A = 1 N E °' E ° is generated over C[d] by 

S A = {b 5 , b 7 + 610, 613, feu, he + <9& 7 , <9&i 5 }. 
Therefore M S 4 (— ^±2, A, A) /N contains a (^-invariant (and hence {(-invariant) vec- 
tor 6i 5 . Since in this case the vectors b 8 = b n = 0, M 6 4 (-^, A, A)/(N + Cb 15 ) 

as a 2J+ © sl 2 © sI 2 -module is isomorphic to C[d] V l © C[d] V 2 © C[d] V 3 © C[<9] V 4 © 
C[d]V 6 © C[<9]V9 © C[d]V 10 © C[9]Vi 2 . Every component is irreducible except for 
C[<9]Vi2, which contains a unique (irreducible) Q3 + © sl 2 © s/2-submodule isomor- 
phic to L«u + (1) © £/ 2,2 generated by the highest weight vector db^. But then the 
above calculation plus the fact that 

G|~<% 12 = 24(A + l)96i 

also shows that M S 4 (- ^ , A, A) /(AT + C&15) is irreducible. □ 

We summarize the results of this section in the following theorem. 

Theorem 7.1. The modules L 6 4 (A, A, A), for A e C and A, A e Z +; /orm a 
complete list of non-isomorphic finite (over C[d]) irreducible K(l,A) + -modules. 
Furthermore L S 4 (A, A, A) as a C[d]-module has rank 

i. 8A(A + 1), in the case 2A - A = and A = A, 

ii. 8(A + 1)(A + 2), in the case 2A + A + 2 = and A = A. 

iii. 16(A + 1)(A + 1), in all other cases. 

Furthermore the C[d]-rank of L e ^ (A, A, A)g equals the C[d]-rank of L & ± + (A, A, A)j 
in all cases. 

Remark 7.2. Again the translation into the languages of modules over conformal 
algebras and of conformal modules is straightforward and hence is omitted. We 
thus obtain that all finite irreducible modules over the "big" N — A conformal 
superalgebra are of the form L e i(a : A, A, A), where a, A e C and A, A e Z + . 
Again the definition of these modules and the action of the conformal superalgebra 
on them are easily derived from our explicit description of a C [d] -basis in this 
section. We note that the adjoint module is isomorphic to M S 4(0, 0, 0, 0). This 
module is not simple, since if (1,4) is not a simple Lie superalgebra. Its derived 
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algebra K(l, 4)' (which is a simple formal distribution Lie superalgebra) is an ideal 
in K(l, 4) of codimension 1 [|TTJ. Thus the annihilation subalgebra of K(l, 4)' and 



K(1,A) are identical, and hence their conformal modules are identical. Therefore 
the results in this section also give explicit description of irreducible conformal 
modules over K(l, 4)'. We finally remark that the K(l, 4)' as a conformal module 
over K(1,A) corresponds to Le 4 (0, §, 1, 1). 
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